In this paper we give a new proof of the uniformization of conformally finite Riemann surface of negative Euler characteristic by the Ricci flow. Specifically, we will consider the normalized Ricci flow 
Introduction
A celebrated theorem is the following uniformization theorem for Riemann surfaces. This result is equivalent to the following one.
Theorem 2. Every Riemann surface M admits a complete Riemannian metric of constant sectional curvature which is conformal to the complex structure.
In fact, if M admits such a metric, then its universal covering spaceM with the induced Riemannian metric is a complete, simply connected 2-dimensional Riemannian manifold of constant sectional curvature, i.e., a space form, and hence isometric (and biholomophic) to one of S 2 , C and D with the standard metric.
For a historic account of the uniformization theorem, see [1] . See also [7, p. 34] .
For a more general uniformization result, see [17] .
Given the success of the method of Ricci flow to understand structures of three dimensional manifolds, it is natural to apply the Ricci flow to give a new proof of the uniformization theorem of Riemann surfaces.
The main purpose of this note is to use the method of Ricci flow to give a new proof of the following special case. If M is a compact Riemann surface, then Theorem 2 was proved by the Ricci flow in [6] , [4] , [3] . It was also proved in [13] by minimizing the determinant of the Laplace operator.
When M is a compact Riemann surface of genus 0, i.e., diffeomorphic to S 2 , another proof of Theorem 2 was given in [15] . to use the Ricci flow to prove the uniformization.
The idea to prove Theorem 3 is to study the Ricci flow on complete surfaces with hyperbolic cusp ends.
We will consider a complete, noncompact manifold with finitely many asymptotic hyperbolic cusp ends. Let us make this more precise in a definition below.
Definition 7.
The hyperbolic cusp is the conformally flat metric g log on R 2 defined by g log = uds 2 where ds 2 is the standard euclidean metric and u(x) = 2 |x| 2 log 2 |x| .
Notice that scalar curvature of the hyperbolic cusp is −1. The name comes from the cuspidal end of noncompact hyperbolic surfaces Γ\H 2 of finite area. For more discussions of the hyperbolic metric near cusp ends, see [16] . For a thorough discussion of hyperbolic surfaces, see [2] .
Definition 8. We will say (M, g) is a complete manifold with finitely many hyperbolic ends if we can write
(ii) each Li has the property that there is a compact set K i and r i > 0 so that
as |x| >> 1, for any partial derivative of order k with |k| ≥ 0.
Notice that (1) is equivalent to
If (M, g) is as in the previous definition, since g log defines a metric of finite volume and since R(g) is bounded, it makes sense to define the average of the scalar
and ask the question whether the flow converges to a metric of constant curvature.
Hamilton ([6] ) and Chow ([4] ) showed that in the case of a compact surface, the normalized Ricci flow starting at any smooth metric converges to the metric of constant curvature. Our goal is to generalize their result to complete manifolds with hyperbolic ends, which we will formulate in the following theorem.
Theorem 9. Let (M, g 0 ) be a complete, noncompact manifold with finitely many asymptotically hyperbolic ends and with r(g 0 ) = −1. The flow (2) converges to a complete metric g ∞ of constant curvature equal to −1. The total area of (M, g ∞ )
is finite, and hence (M, g ∞ ) is a hyperbolic surface with finitely many cusp ends.
The main difficulty that comes from noncompactness is solving the equation
on (M, g 0 ) where the solution f comes with the certain property. More precisely under the assumption on the asymptotic behaviour of our metric in the hyperbolic ends (which implies enough of the decay for R + 1) we want to find a potential f with bounded gradient that solves (3). Once we have that, we will apply results of Hamilton in [6] to conclude the convergence of the flow to a hyperbolic type of metric of constant curvature −1.
Proof of Theorem 3.
Let M be the compact Riemann surface by filling in the finitely many missing points from M , which are denoted by p 1 , · · · , p k . Then each point p i admits a neighborhood biholomorphic to a small disc D i in C with the origin as the center.
This implies that M can be written as the union of a compact surface with boundary N and finitely many punctured discs
has a hyperbolic metric compatible with its complex structure so that it becomes a hyperbolic cusp end. Endow N with any Riemannian metric conformal with respect to its complex structure. Glue these metrics together using a partition of unity, we obtain a Riemannian metric g 0 on M which is conformal with respect to the complex structure of M and M is a complete surface with hyperbolic cusp ends. Since the Euler characteristic of M is negative, the condition of Theorem 9
on the negative average sectional curvature is satisfied. Then Theorem 9 implies that the metric g 0 can be deformed under the Ricci flow within the conformal class to a Riemannian metric g ∞ of constant curvature −1. This proves the existence of the desired hyperbolic metric.
For the uniquness of the hyperbolic metric, we note that in each conformal class of complete Riemann metrics, there is a unique hyperbolic metric. This completes the proof of Theorem 3.
The above proof also gives the following result, which is sometimes also called the uniformization theorem of surfaces, similar to the three dimensional case.
Theorem 10. If M is an orientable surface of finite topology with negative Euler characteristic, then M admits a complete hyperbolic metric of finite volume.
In fact, we only need to note that M is diffeomorphic to the complement of finitely many points in a compact Riemann surface.
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Green's function on complete manifolds
In this section we will say a few words about Green's function on complete manifolds and mention some known results about it ( [8] , [9] , [10] , [11] , [14] ), since it will play an important role in finding the potential f , a solution of (3) with bounded gradient.
Let M n be a complete, non-compact manifold without boundary. We would like
for any compactly supported function f ∈ C ∞ c (M ). The existence proof of G(x, y) was first given by Malgrange ([12] ). The first constructive proof was given by Li and Tam in [8] . By the constructive proof of the existence of Green's function G(p, y)
for complete manifolds we have that G(p, y) comes as the limit of the sequence of Green's functions for the compact exhaustion {Ω i } of M . More precisely, let G i (x, y) be the symmetric, positive, Green's function with Dirichlet boundary condition of
where r(p, y) = dist(p, y). From now on we will focus on the case n = 2. Let
uniformly on compact subsets of M \{p} and
where w is a uniform constant andḠ(p, y) is the Dirichlet Green's function for a ball B(p, 1). Green's functionḠ(p, y) has the propertyḠ(p, y) ∼ −C(2) log r(y) as y → p and thereforeḠ(p, y) + C(2) log r(y) is smooth around p. Estimate (5) where ν is the outward normal for ∂Ω, then |g−h| is bounded and has finite Dirichlet integral on M \Ω. We will refer to this result further in the text as the extension theorem for harmonic functions.
3 Convergence of the flow to the constant curvature metric
The proof of the Theorem will follow by a sequence of lemmas and claims. Without any loss of generality assume M has only one hyperbolic end. ¿From the structure of (M, g 0 ) it easily follows sup M |R(g(0))| ≤ C and therefore by Shi's result we have the short time existence. We would like to show the long time existence and the convergence to a hyperbolic type of metric.
Lemma 11. The average of the scalar curvature, r(t), does not depend on time as we flow g 0 by (2).
Proof. The evolution for R is given by
and the volume form changes by
. Let B ρ be the euclidean ball of radius ρ and let r ρ (t) = 1 Vol g(t) Bρ Bρ R(x, t) dV t . Since all terms in the preceding definiton are bounded, we have that lim ρ→∞ r ρ (t) = r(t). Then,
Since Bρ (r − R) dV t = Vol t (B ρ )(r − r ρ ), it easily follows that lim ρ→∞ Bρ (r − R) dV t = 0.
Claim 12. lim ρ→∞ Bρ ∆R dV t = 0. and −1 =
Proof. By part (ii) of Definiton 8 it easily follows that |R(x) + 1| = o(|x|
, where∆ is the euclidean laplacian. Since ρ can be taken very large (so that we are in the part of manifold where the metric is asymptotically as that of logaritmic cusp),
where |dγ| ≤ (1 + o(1)) 1 ρ log ρ |dγ 1 | for |x| = ρ >> 1 and dγ 1 is the length element for the euclidean metric. Finally,
One can easily check that all time derivatives of r ρ (t) are uniformly bounded in ρ (at least for time intervals of finite length) and therefore , which is the metric of finite volume and therefore it can not have a quadratic volume growth.
We will call the end L a parabolic end. For a complete manifold to be parabolic, it is sufficient that one of its ends is parabolic and therefore M is parabolic, that is, it does not admit a positive Green's function. Since our manifold M has a hyperbolic end L in the sense described above, we can view L as R 2 \B R1 , (up to a diffeomorphism φ), where B R1 is the euclidean ball centered at the origin.
We can choose R 1 sufficiently big so that metric g is asymptotically close to a rotationally symmetric metric g 1 = u log ds 2 on L, where u log (r) = 2 r 2 log 2 r and ds 2 is the euclidean metric. This implies |u(x)| ≤ C |x| 2 log 2 |x| for |x| >> 1. The key proposition in proving Theorem 9 is the following.
Proposition 14.
There is a smooth potential f , with sup M |D g0 f | ≤ C < ∞,
solving (3).
We will outline the main steps in proving Proposition 14 (all derivatives and the Laplacian are taken with respect to metric g 0 , if not otherwise indicated):
(i) constructing a smooth function f 1 with bounded gradient that solves
(ii) constructing a smooth solution of ∆f 2 = 0 on all of M and considering a smooth, harmonic function
(iii) using the extension theorem for harmonic functions, modifying f 2 by a harmonic function h so that
There is a smooth function f 1 on L, with |∇f 1 | g ≤ C, satisfying (7).
Proof. Consider smooth functionsū(x) and h(x) on R 2 , defined as u(x) and (R(x, 0)+ 1)u(x, 0) on R 2 \B 2R1 , respectively, and both extended to smooth functions on R 2 such that R 2 h(x)u(x) dx = 0 (which is possible since R 2 \BR 1 (R + 1) · u dx < ∞).
We want to find f 1 (x) solving∆f 1 = h on R 2 , where the Laplacian is taken with respect to the euclidean metric. As in [5] , for existence, define f 1 as the Newtonian potential of h, namely,
log |x − y|h(y) dy.
In exactly the same way as in [5] we can show there is a uniform constant M so
|x| log |x| , for |x| >> 1, which yields
where g = uds 2 . We can take R 1 big enough so that the previous estimate holds on
L.
The next step is to show we can find a smooth function f 2 (x) that solves ∆f 2 = R + 1 on all of M . We will first prove the following lemma that will be used in the construction of f 2 .
Lemma 16. There exists a bounded smooth function q(x) on R 2 \B(0, 2R 1 ) that solves the following Neumann boundary problem
with respect to metric g.
Proof. Take the compact exhaustion {Ω i } of M and let q i be the smooth solution to the compact Neumann boundary problem inΩ i := Ω i \B R1 ,
We would like to say that the sequence q i converges to the solution q(x) we are looking for. As in [8] we can take the sequence of Green's functions G i (x, y)
solving the Laplace problem with Neumann boundary condition onΩ i . Let 
By the previous identity we have
where q(x) solves (9) . By the maximum principle and the Hopf boundary lemma the maximum and the minimum of q i (x) must be achieved on ∂B R1 . In other words, for any y ∈Ω i ,
which after letting i → ∞ becomes
Since q(z) is the continuous function, both min z∈∂BR 1 q ( z) and max z∈∂BR 1 q ( z) are bounded functions, which implies q(z) is uniformly bounded on M \B R1 .
Lemma 17.
There is a smooth function f 2 on M solving ∆f 2 = R + 1.
Proof. Let G(x, y) be the Green's function for M (such G always exists on a complete manifold). We can not choose G to be positive on M since M is parabolic.
Claim 18. There are a uniform constant C and Green's functionG(x, y) with the properties that ∆G(x, y) = δ x (y), it is smooth outside the diagonal {(x, x)|x ∈ M } and for every compact set x ∈ K ∈ L we have |G(x, y)| ≤ log |x − y| + C for all y ∈ L.
Proof. 
This function satisfies the first two properties stated in the claim. To see that we also have the third property, take any x ∈ L. Then
¿From the construction of G(x, y) (see [8] ) we have that G(x, y) − G(p, y) is a bounded harmonic function on M \K r0 , for all y ∈ K, where
we have
for all x ∈ K and y ∈ L\K r0
LetG(x, y) be as in Claim 18. Let η i be a sequence of functions with compact support, that is, suppη i ⊂ B g (p, r i ) for r i → ∞ and let f i solve ∆f i = (R + 1)η i , e.g.
Take K ⊂⊂ L to be a compact set. Furthermore,
The first integral is over a compact set and that is why it is uniformly bounded in i.
If y ∈ L\K r0 and x ∈ K ⊂ K r0 , we have that |z|| log |z|| ≥ δ(K) whenever z lies on a line σ (a geodesic in euclidean metric) connecting x and y. Let γ be the geodesic connecting x and y, with respect to metric g. Then
Using (1) and (11) yields
since |R + 1|(y) = O(|y| −1 ) when |y| >> 1. This yields |f i (x)| ≤ C(K) for all
x ∈ K, independently of i. By standard elliptic estimates, we can get uniform bound on higher order derivatives of f i . By Arzela Ascoli theorem we can extract a subsequence {f i } converging to f 2 (x), satisfying ∆f 2 = R + 1 on M .
We can now finish the proof of Proposition 14.
Proof of Proposition 14. we can find a harmonic function h on M so that |f 2 − f 1 − q − h| is bounded and has finite Dirichlet integral on L. Denote by
bounded, harmonic function on L. By standard regularity theory we get
Denote by f (x) := f 2 (x) − h(x) a smooth function on M that solves the equation ∆f = R + 1. Estimate (13) together with Lemma 15 imply
and therefore sup M |∇ g f | ≤ C < ∞.
Proof of Theorem 9. Once we have Proposition 14, the rest of the proof of Theorem 9 is the same as in [6] . We will sketch it here for reader's convenience. Take f 
We have the lower bound on R from the maximum principle applied to (14) . Since
for a uniform constant C. The previous estimate implies that the Ricci flow starting at any metric on a complete two surface with finitely many hyperbolic ends (the metric in those hyperbolic ends is asymptotic to the hyperbolic cusp in the sense of Definition 8) has a solution for all time. Estimate (15) implies there is some time t 0 so that R(x, t) ≤ 0 for t ≥ t 0 on M . Since R stays uniformly bounded on M , we can apply maximum principle to (15) and get −e −ǫ(t−t0) ≤ −1 − R ≤ Ce −t , for all t ≥ t 0 for some uniform constants C, ǫ > 0. This tells us R approaches −1 exponentially and therefore g(t) converges to the metric of constant curvature −1.
Theorem 9 implies that a complete 2-manifold with finitely many hyperbolic ends admits a metric of constant curvature −1. The question we would like to investigate further is whether this can be generalized to higher dimensions, which would give us more manifolds with constant negative curvature. We believe the proof of Proposition 14 could be carried out in higher dimensions without major difficulties. The problem is that the rest of the argument relies on [6] which is purely 2-dimensional argument that can not be applied to higher dimensions.
